The study discusses some recent results regarding the identification of the static and dynamic behavior of the Brunelleschi's Dome of Santa Maria del Fiore in Florence, which was declared part of the UNESCO World Heritage sites in 1982 together with the city center. First, a brief sketch of the main geometric characteristics and the relevant constructive aspects conceived by Brunelleschi are outlined with a description of the present crack pattern. Then a finite element model was built to assess the static and dynamic behavior of the monument and identified taking into account the results of an in situ investigation developed in the 1980s. The numerical model was used with an ad hoc nonlinear procedure to replicate the mechanical behavior of masonry. Obtained results allowed to assess and to discuss both the Dome's internal stress and cracking pattern. The identified numerical model was subsequently employed to provide a first evaluation of the seismic behavior of the Dome. While showing how advanced numerical analyses can provide useful hints to evaluate the existing damage on monumental heritage, this study aims at contributing to the assessment of the safety and vulnerability of one of the most emblematic masonry domes all over the world.
INTRODUCTION
The study discusses the structural behavior of an emblematic monument -the Brunelleschi's Dome of the Cathedral of Santa Maria del Fiore in Florence -that since 1982 has been part of the UNESCO World Heritage sites. The first stone of the Cathedral of Santa Maria del Fiore (Figure 1 ) was laid on September 9, 1296, by Cardinal Valeriana. The new church, whose middle nave covered the area of an old one (Santa Reparata), was originally designed in Gothic style by Arnolfo di Cambio (1240/50-1302/10). He planned a threenave wide church ending under an octagonal dome (approximately 42 meters in span) to be built at the east end of the main nave. The construction of this impressive project took approximately 170 years, demanding the efforts of several generations of maestri muratori (freemasons) (Gurrieri 1994; Di Pasquale 2002) . At the end the Arnolfo's plan for the Cathedral, although maintained in concept, was greatly expanded in size and splendor.
Focusing the attention on the Dome, its construction started in 1420 and finished in 1434 under the design and the supervision of Filippo Brunelleschi (1377 Brunelleschi ( -1446 . Brunelleschi initially began to work on the fabrica as a sculptor, but he became increasingly interested in the building itself and circa 1415 he proposed an audacious self-supporting construction design for the Dome. In all the previous Roman and Gothic constructions, scaffolds were always used to support the structure under construction. To demonstrate the feasibility of his innovative constructive method he built a 1:12 brick model of the dome (Di Pasquale 2002) . The design was accepted and, in only 14 years, one of the most extraordinary constructions of the Renaissance was realized. To date the Brunelleschi's Dome, a double-shell masonry dome, remains one of the largest brick dome ever built in the world. The final global dimensions of the Brunelleschi's Dome are as follows: span of the internal shell of approximately 45 m, with a height of approximately 36 m. The dimensions of the Brunelleschi's Dome are compared with those of other masonry domes in Europe in Table 1 .
Because of the magnificence of the monument, the mystery about the constructive system ideated by Brunelleschi, and the presence of a complex and significant cracking pattern affecting the whole structure, the static behavior of the Brunelleschi's Dome has attracted the attention of a plethora of researchers over the centuries. Tracing a record of the studies on this construction would be a very difficult task, given the impressive number of existing publications and the growing literature on the subject (although, in some cases, doubtful hypotheses are conceived). Nevertheless, the interested reader can find a reconstruction of the history of the Cathedral in a book published STRUCTURAL BEHAVIOR OF BRUNELLESCHI'S DOME The peculiar crack system affecting the Dome is, from a structural point of view, one of the main aspects of the monument. The first documental information about the structural damage was reported only in late 1639 by Gherardo Silvani (1579 Silvani ( -1675 . Silvani wrote about cracks "dove trapassa l'aria ed il vento" ("where the air and the wind pass through", thus speaking of cracks that passed through the whole Dome thickness); however, it seems that these cracks were already present in previous periods, as reported in other documents of the same time (Giovan Battista Nelli 1753) . Historical documents show that the cracking pattern has evolved over the centuries and, in parallel with its evolution, a debate developed about the causes (and potential remedies), for which the most significant contributions can be grouped under four historical moments.
The first is represented by the Grand Ducal Committee chaired by Giovan Battista Nelli (1661 Nelli ( -1725 and composed by Viviani (a disciple of Galileo Galilei), Foggini, and Guerrini. In 1695, Nelli indicated as a cause of the damage the outward thrust produced by the weight of the Dome and of the surmounting lantern (the weight of which is approximately 800 tons). As a remedy, he indicated the installation of a steel chain around the tambour. This intervention, rejected by public opinion, was never realized (Chiarugi 1996) .
The second historical moment was in 1757, when Leonardo Ximenes (1716-1786) identified as a possible cause of the damage the subsiding of the ground under one of the main pillars supporting the tambour (the one under the web number 4, as shown in Figure 2 ). At that time this hypothesis could be plausible, considering that in those years the cracks did not have the symmetry characteristics that are visible today.
The third historical moment is 1934 when the Opera del Duomo (the modern institution responsible for the preservation of the monument) designated a Committee chaired by Rodolfo Sabatini; one of the components was, among others, Pier Luigi Nervi . The Committee worked for 3 years on the fabrica with the aim of both assessing the origin of the cracking pattern, and investigating the relation between air temperature and cracks opening/closing. At the end of the work the Committee showed that cracks' breathing was not only due to seasonal variations but also to daily changes in temperature, concluding that "la causa principale, e forse unica, che ha prodotto ed insiste per produrre il continuo aggravarsi delle lesioni iniziali è dovuta a movimenti di carattere termico" [the main cause, and perhaps the only one, that has produced and continue to worsen the initial fissures is the induced thermal movement] (Opera di Santa Maria del Fiore 1939).
The last, and so far conclusive, contribution to this debate was in the 1980s, when the Ministerial Committee chaired by De Angelis D'Ossat and Cestelli Guidi accepted the interpretation on the origin of fissures as it was clearly explained by Andrea Chiarugi (according to whom the main source of these cracks would be the Dome geometry itself: its weight and the insufficient tensile resistance of the tambour). Thanks to the attention focused by the Ministerial Committee, the 1990s saw the development of a series of studies and numerical models of increasing complexity of the Dome that followed both the evolution of the numerical techniques and the growing knowledge on the structure (e.g., monitoring, in situ experiments, knowledge of structural details). The numerical models were built both to enhance the comprehension of the static behavior of the Dome and to examine in depth the origin of the actual cracking pattern.
To the authors' knowledge, a first complete and detailed numerical model of the Dome was built by using FIESTA, a finite element (FE) code implemented at the ENEL-CRIS Research Centre in Milano. In this respect it is worth mentioning the capital role played by ENEL (Italian Agency for Electric Power) in sponsoring the computational analyses developed by Professor M. Fanelli and Engineer G. Giuseppetti in close association with Professor A. Chiarugi (Fanelli and Fanelli 2006; Chiarugi et al. 1983 ) at the Centre of Hydraulic and Structural Research (CRIS). The authors, starting from a quarter of the Dome geometry (and including the basement structures), investigated the effects of the thermal loads according to their yearly periodic variations (Chiarugi et al. 1983; 1993) . The superposition of the effects of the static loads and the thermal variations provided some hints on the origin of the present cracks and on the static performance of the cracked structure. Results of these investigations allowed, for example, exclusion of both the thermal variation (partially contradicting the results of the Ministerial Committee chaired by Sabatini) and the foundation settlement (contradicting the hypothesis of Ximenes) as the main causes of the arising of the cracking pattern.
At the end of 1990s, a new numerical model was built with the FE code FEMAS90 by spatially arranged plane elements. The new model, taking advantage of the results of a digital monitoring system installed by ISMES (Experimental Institute for Models and Structures) (Castoldi et al. 1989) on the monument over a range of 6 years, allowed evaluation of the effect of the periodic variations of the thermal loads on the crack openings (Chiarugi et al. , 1998 . Still in the 1990s, a numerical model of half-Dome, built using the FE code ANSYS, was realized to assess the effect of the wind loads on the building (Blasi et al. 1990 ). Although the model did not take into account the interspaces between the two layers, it reproduced with great care the main cracks. Results allowed identification of the along-wind response of the structure; moreover, by an iterative procedure, an estimation of an equivalent secant elastic modulus (by using as control parameter the recorded natural frequencies) was provided.
Based on this background, the present study examines in depth the static behavior of the Brunelleschi's Dome, discussing the results of a new numerical model whose geometry was reconstructed based on a recent topographic survey (Soprintendenza per i Beni Ambientali e Architettonici per il Paesaggio per le provincie di Firenze e Pistoia [La Soprintendenza] 1999 ). Numerical analyses were performed by the FE technique by which, through proper assumptions, the nonlinear behavior of masonry was considered. The analysis herein presented considers the Dome's architectural history and structural evolution (as next explained). The damage and the cracking pattern were analyzed and, after calibrating the numerical model to fit the present damage, nonlinear analyses were performed to assess its potential seismic vulnerability by assuming simplified distribution of horizontal loads.
The paper is therefore organized as follows: in Section 2, the main architectonical features of the Brunelleschi's Dome are briefly sketched, while the cracking pattern is described in Section 3. The static behavior, together with the new numerical model built to assess a possible development of the cracks over the centuries, is reported in Section 4. The identified FE model is then employed in Section 5, to evaluate the dynamic behavior of the fabrica. After the calibration process, a first assessment of the Brunelleschi's Dome seismic behavior, through pushover analyses, is reported in Section 6, where a collapse mechanism is identified. A discussion of the Dome safety and vulnerability, a careful use of numerical analyses to meet practical engineering problems in the field of historical constructions is presented.
GENERAL FEATURES OF THE BRUNELLESCHI'S DOME
From a structural point of view the Brunelleschi's Dome consists of two layers, an inner, thick, masonry dome spanning the diameter of the octahedral ring beam (the tambour, the structure beneath the Dome) and the external shell, whose function is to protect the previous one against the environmental loads (Figures 3 and 4) . The inner layer (the structural one) has an even thickness (approximately 2.2 m); the outer layer (the covering one) becomes gradually thinner from the base (where the thickness is approximately 80 cm) to the oculus (with a thickness of approximately 40 cm). These two layers are structurally FIG. 3. Brunelleschi's Dome: Frontal view. connected by masonry ribs that starting from the octahedral tambour continues until the oculus. On the whole, 24 masonry ribs are present: eight are placed at the edge between the different webs, and other two are present in each web (at one-third and two-thirds of the web length, as shown in Figure 4 ). These elements are 2.1 m thick at the base and tapering to 1.5 m at the oculus. To resist to the outward thrust, rings of stone held together with metal cramps run horizontally between the ribs. There are also oak rings joined by metal connectors. The spaces between the ribs and the rings are spanned by inner and outer shells, made of stone for approximately the first 7.0 m (and brick above).
The whole structure of the Dome was built by Brunelleschi without formworks. The circular profiles of the ribs and rings were possibly maintained by a system of measuring wires fixed at the center of the curvature (even if the question is still debated). Brunelleschi understood that building the Dome by a succession of horizontal layers it would give stability to the structure, and would not require timber centering. He also designed elaborate wooden machines to move the needed materials both vertically and horizontally, probably inspired by the re-published work De Architectura by Vitruvius that describes the Roman machines used in the 1st century BC to build large structures.
Nevertheless the construction of a polygonal ribbed dome (with an eight-sided base) such as the dome of Santa Maria del Fiore, is a more complex task compared with semi-circular domes such as the Pantheon (which are simply generated by rotating a quarter-circle around a vertical axis). In order to build such a polygonal dome without the use of a supporting framework, each of the masonry rings must be completed in succession. This approach was the method used by Brunelleschi: the bricks were laid on sloping beds and before closing each ring of bricks, the workmen placed a row of bricks whose longer sides reached out with respect to the bricks resting on the conic surface.
This arrangement, known as a herringbone (spina di pesce), displays in a three-dimensional (3D) vision a spiral profile ( Figure 5 ). The function of the spiral herringbone arrangement of the bricks is to allow the blocking of the masonry courses as they were built. The bricks are thus prevented from slipping down as a consequence of the steep inward slope of the mortar beds. A second feature of the construction is represented by the characteristic profile of the brick beds, known as slack line (corda blanda) that resemble a loose string (a catenary). The reason for this is that all brick beds lie on the surface of an inverted cone whose axis coincides with the dome center line. Then the cone's vertex shifts upwards as the work proceeds (Di Pasquale 2002; Giorgi and Matracchi 2006; Chiarugi and Quilghini 1984) .
CRACKING PATTERN
As reported in the introduction, the first documented historical information about the structural damage of the Brunelleschi's Dome was reported in 1639 by Gherardo Silvani, but these cracks were already present in previous periods as is shown in historical pictures and drawings. One of the first most complete works on the description of the crack pattern was performed by the Jesuit Leonardo Ximenes. In 1757, Ximenes published a study motivated by the installation of a gnomon to make astronomic measurements with respect to the position of the sun on the Dome (Ximenes 1757). In his study, Ximenes makes a complete survey of the cracks describing 13 different crack typologies. This description is quite exhaustive and very useful because it allows, by comparison with the present crack, to follow the evolution of the cracking pattern over the centuries.
To describe the actual crack pattern the eight webs of the Dome are numbered from #1 to #8, with the web facing the main nave of the Cathedral as #1, followed by the others according to the usual counter-clockwise notation ( Figure 6 ). From a geographical point of view web #7 is the northern one, and web number 3 is the southern one. From an architectonical point of view even webs are located over the pillars sustaining the tambour, while the odd webs are located over the arches between the pillars ( Figure 7 ). Ximenes observed two main cracks located in webs #4 and #6. These cracks started from the tambour and continued up to approximately two-thirds of the Dome height, passing through the internal and external layer (nowadays these cracks are called Type A, Bartoli 1996) . Other minor cracks were observed near the eight edges between the webs. Ximenes didn't mention the other two main cracks that nowadays are crossing webs #2 and #8. Today these cracks, arisen consequently after 1757, have almost the same relevance as the cracks in webs #4 and #6 (Figure 8 ), even if with a smaller amplitude. Thus at the present time the cracking pattern in the Dome is quite symmetric, and the cracks (shown in Figure 2 ) can be classified as follows (Bartoli 1996): • Cracks Type A (major cracks): sub-vertical cracks that start from the ring beam and continue as far as approximately two-thirds of the dome height; they pass through the internal and external layer of the even webs and their thickness ranges between 5.5-6 cm (webs #4 and #6) and 2.5-3 cm (webs #2 and #8). • Cracks Type B (minor cracks): sub-vertical cracks near the circular windows ("eyes" of the ring beam) just above the keystones of the arches in the odd webs.
• Cracks Type C (minor cracks): sub-vertical cracks, with smaller amplitude of Type A, that are present around the eight edges of the Dome; these cracks are not passing through the width of the internal shell.
• Cracks Type D (minor cracks): four sub-vertical cracks present in the internal part of the odd webs, not passing through the width of the Dome.
The development of this articulated cracking pattern, whose first cracks seem to have appeared soon after the construction was completed, has nowadays modified permanently the structural behavior of the Dome. Instead of a circular shell, the Dome behaves like four half arches linked below the upper oculus whose abutments are constituted by the pillars, the lateral chapels and the main nave. Chiarugi et al. (1983) and Chiarugi and Borri (1995) demonstrated that the main source of the cracks is the geometry, the weight and the insufficient tensile resistance of the tambour. At the same time the experts Committee rejected the hypothesis of the possible influence of a foundation settlement in the apses of the church. This hypothesis, first made by Ximenes when he noticed the asymmetry of the main cracks, held for a long time but after the cracking of webs #2 and #8 (that lead a symmetric crack pattern) it was disavowed. As demonstrated by A. Chiarugi (Chiarugi et al. 1983; Ministero 1985) , differences in cracking pattern between even and odd webs are due to the stiffness variation of the tambour, which is supported by four heavy pillars placed only on the even webs ( Figure 7 ). The odd webs are located over four arches that connect the pillars. It can be argued that the normal tensile stresses along a parallel direction at the tambour level, due to the shell structural behavior, are partially balanced by the compressive stresses due to the presence of the arches in the odd webs that limit the cracks amplitude. At the same time the presence of the arches themselves is also responsible for the increment of the tensile stresses above the arches (and the corresponding cracks' amplitude).
The cracks (and their development during centuries) were always object of concern, so several control devices were installed to check their evolution. At the beginning of the last century some mechanical control systems were installed (two of these are still working). For a better understanding of the structural behavior, a large digital monitoring system (set of measurement devices managed and controlled by an electronic system through the use of specially designed software) was installed in 1987 (Castoldi et al. 1989) ; it includes approximately 170 devices, and it has been working since January 1988 (Bartoli et al. 1996) . The main goals of the monitoring system are: 1) to provide a description of the Dome movements and the time variation of the crack width; 2) to study the correlation between temperatures and the time evolution of the cracks; 3) to provide an early warning for potential structural problems through the designation of threshold values for certain parameters. The interested reader can refer to Castoldi et al. (1989) and ISMES 1987 for more specific details about the monitoring system and measurement results, and to Bartoli et al. (1996) for some analyses of the monitoring data.
STATIC BEHAVIOR
To the authors' knowledge, the first time in history that the issue of safety evaluation in an analytic form of a renaissance dome was discussed was with the Cupola del Tempio Vaticano [the Vatican's Dome] (Como 2008) . It was a consequence of the large cracking pattern observed in the Vatican's Dome, and the problem involved at first the so called Three Mathematicians (T. Le Seur, F. Jacquier, and R.G. Boscovich) in 1743, and next G. Poleni and L. Vanvitelli in 1748 (Como 2008; Ottoni 2012) . Their approach followed the classical limit equilibrium theories based on some simplified assumptions (rigid no-tensile model for masonry, Del Piero 1984) relying on the existence of admissible equilibrium states (or, alternatively, by considering proper collapse mechanisms). This approach, obviously improved in its theoretical basis, still remains an effective instrument to analyze the structural behavior of such masonry structures (Ventura et al. 2014 ), but, as recent studies show, it must be joined with advanced numerical analyses.
The numerical approach may provide more detailed results but it requires a particular attention with respect to both the correct representation of the masonry material behavior (nonlinear no-tensile material) and the convergence analysis between numerical and available experimental results (model identification). In addition, a reliable and detailed model needs a large number of degrees of freedom (DOFs) so that the computational problem could become extremely cumbersome. Consequently researchers involved in this kind of analyses are requested to rely upon the specific knowledge in the field in order to build a model able to correctly represent the fabrica structural behavior.
Despite the computational costs, in recent years the numerical modeling has proven to be an effective tool for the comprehension of the structural behavior of ancient fabricas, and the inherent literature reports a plethora of discussions and illustrative case studies that highlight the role of advanced numerical simulations in historic structures analysis. For instance, through the discussion of the case study of the Monastery Jeronimos in Lisbon (Portugal), Lourenço et al. (2007) showed that numerical models can be used as a numerical laboratory where the sensitivity of the results to input material parameters, boundary conditions and actions can be efficiently analyzed, offering invaluable information in the conception and understanding of in situ testing and structural monitoring.
Discussing the seismic behavior of the San Nicolas bell tower in Valencia (Spain), Ivorra et al. (2009) showed the ability of the finite element technique to assess and to interpret the structural behavior of historic constructions. del Coz Díaz et al. (2007), analyzing the palatine chapel of San Salvador de Valdediós near Oviedo (Spain), combined the FE method with a frictional contact problem. The analyses were based on the application of the FE technique to each stone block, and blocks were assembled side-by-side using contact elements in order to reproduce the mechanical behavior of the mortar. The authors showed how sophisticated analysis tools can provide a clear understanding of the structural behavior.
The FE technique was used by Taliercio and Binda (2007) to analyze the Basilica of San Vitale in Ravenna (Italy), a Byzantine building that suffers diffused cracking and excessive deformation. The authors built a complete finite element model of the Basilica conceived as a first step toward the understanding of the structural behavior of the monument. The dome of the Sanctuary of Vicoforte (Italy), the largest elliptical dome ever built, was analyzed by Chiorino et al. (2008) and Ventura et al. (2014) combining limit analysis and finite element techniques. The dome was analyzed through models capable of providing reliable interpretations of its behavior and damage state, to predict its response to expected future loads (such as seismic actions), and to optimize future strengthening interventions. A careful use of numerical analyses dealing with practical engineering problems was shown by Betti et al. (2010 Betti et al. ( , 2011 and Bartoli and Betti (2013) discussing the development of cracking patterns in historic masonry buildings. Through the use of the finite element technique the authors provide an interpretation of the manifested damage, and the comprehension of the structural behavior allows identification of proper retrofitting strategies.
In this section new results concerning the static identification of the Dome, with the adopted modeling strategies, are reported. The new numerical model was built with the FE code ANSYS by using solid hexahedral isoparametric elements to discretize all the main geometrical components; the geometry of the new model was based on the results of a very accurate 3D topographic survey of the whole Dome (La Soprintendenza 1999). The nave of the church was not included in the model but its restraining effect was modeled by means of a set of linear springs whose stiffness was estimated on the basis of the stiffness of the non-modeled portion. The aim of this new modeling was double: i) to identify a numerical model to assess a possible development of the cracks over the centuries and ii) to move the first steps towards the study of the seismic vulnerability of the Dome. In the following, first the modeling strategy employed to apply the vertical loads deriving from the self-weight to account for the influence of historical construction phases is presented and discussed (model without cracks). Secondly, the model built to identify the cracking pattern is reported (model with cracks).
Comparison between the results of the two models allows for insight into the structural behavior of the Dome.
Model Without Cracks (Staged Construction Analysis)
The analysis of the Dome under its own weight was performed through a step-by-step application of the self-weight to reproduce the effective stages of construction of the fabrica. To this aim, the BIRTH & DEATH feature of the FE code was used (Betti et al. 2011; ANSYS, Inc. 1992) . The sequence of own weight application, i.e., the element BIRTH, is reported in Figure 9 (firstly the effects of the main pillars have been considered, next the arches, etc.). The structure changes at each step ( Figure 9 ) and at the end of each load step, through the BIRTH option, the new loads are applied over the deformed geometry so the nonlinear geometric effects are activated between each load step. As a consequence, the superposition principle does not hold true.
Due to the geometric complexity of the Dome, this procedure allows also to avoid unrealistic tensile stress concentrations between components of the numerical model. As an example, Figure 10a reports the principal tensile stresses in case the own weight is applied in one step; Figure 10b reports the principal tensile stresses obtained with the adopted staged construction analysis. The application of the self-weight in a single step affects the stress and deformative behavior of the lateral chapels; the obtained unrealistic result is originated by the jointby-joint connection of the finite elements that model the chapels with the confining elements of the tambour. The first numerical model was built without the presence of the cracks and by assuming a linear behavior of the materials. The adopted elastic mechanical parameters were assumed on the basis of the results obtained with double flat-jack tests during the in situ experimental campaign developed in 1980s (when results were available). However, it was assessed, through a set of parametric analyses, that in a reasonable range of parameter values the response of the structure was not qualitatively influenced by the variability of these parameters. Finally, the lantern was not included in the model; the loads that it transfers to the Dome were then included in the finite element model as distributed loads applied to finite elements that model the oculus.
Even if the results of this static analysis were able to account for the local effects (i.e. the connection between the tambour and the lateral chapels), they are in discordance with the experimental evidence as, for instance, the maximum tensile stresses do not appear in correspondence of cracks type A (the major fissure) as expected, but in correspondence of cracks type C. This highlighted that the time-sequence of the crack evolution is primarily significant for the internal stress redistribution. The circumferential stress state for the model without fissures is reported in Figure 11 where the concentration of tensile stresses at the web connections appears clearly: this phenomenon is in disagreement with both the present stress state and the present crack system. It is also interesting to observe that the circumferential tensile stress state is limited to the inner surface of the internal shell, so it does not pass through the width of the masonry layer as shown in Figure 11b. 
Model With Cracks (Nonlinear Analysis With Unilateral Contact Elements)
To identify the numerical model in order to account for the present cracking pattern, an iterative procedure was adopted, aimed at assessing the likely time evolution of the cracks. Starting from the results of the previous model (the undamaged model) a first improvement was made by introducing nonlinear contact elements along the areas where non-admissible tensile stresses arises: the solid elements were disconnected and along the discontinuity the corresponding nodes were doubled and connected with the following typology of elements: a) element contact 52 (compression only elements); and b) element link 10 (tension only element, with a tensile cut-off of approximately 0.2 N/mm 2 ). This procedure is based on an original idea by Castigliano and its effectiveness was already shown in Betti et al (2008) . Substantially, taking into account the limited information on material properties a discrete crack modeling was adopted and preferred over a smeared crack approach (Bartoli and Betti 2013) ; almost all data derived from in situ flat jack tests allow information on the elastic material properties, without the input required for a proper definition of a smeared crack modeling. This procedure was repeated iteratively, looking for a possible time evolution of the cracks along the webs, mainly focusing on cracks Type A and Type C. Results of this iterative procedure are reported in Figure 12 . Figure 12a reports the stresses along the circumferential direction at the beginning of the iterative procedure, and the subsequent report the evolution of the stresses during the incremental application of loads. Figure 13 shows the stresses along the circumferential direction at the end of the procedure, and depicts the final results The analysis of the results shows that, due to the self-weight and due to the geometry of the Dome, the first appeared cracks were the cracks Type A: they developed starting from the eyes of the tambour (at the even webs), under and beneath the eyes itself. The arising of these cracks modified the structural behavior of the Dome and facilitated the development of the cracks Type C.
At the end of the procedure the numerical model matches quite well the different width of the cracks Type A in webs #2 & #8 and #4 & #6. Maximum opening recorded in webs #4 & #6 is approximately 5.5 cm against the 5.4 cm numerically estimated; maximum opening recorded in webs #2 & #8 is approximately 2.5 cm against the 2.3 cm, which is the result obtained by the numerical model. Despite the punctual coincidence of these values it is noteworthy to observe that the difference between the opening on the two groups of webs is originated by the presence, close to webs #2 & #8, of the main nave of the Church, which, in turn, originates an effective constraint against horizontal displacement. This result is also an a posteriori proof of the validity of the numerical modeling of the restraints offered by the main nave.
The structural behavior of the Dome could also be analyzed through a simple, but interesting, comparison between the deformative shape in the ideal case of absence of cracks (undamaged model, Figure 14a ) and the actual case with cracks (identified numerical model, Figure 14b ). With the opening of the cracks type A a new equilibrium configuration was found and currently the structure is structurally working as the combination of four independent arches (each one having a "C" shaped cross-section resulting from one-quarter of the octagonal plan of the Dome), fixed at the basis, that remain connected to each other at approximately two-thirds of the Dome height. Flexural moments appear along the meridian directions that originate a variable internal vertical stress state along the section of each arch.
The opening of the cracks drops the tensile stresses at the level of the tambour (Figure 7) , facilitating an opening of the Dome towards the external surface. This deformative behavior is reflected by the compressive meridian stresses (Figure 15 ) that increase along the thickness, moving toward the inner surface of the internal shell (with a peak in correspondence of the cracks Type A). The same could be observed comparing the stresses along the meridian direction on the outer shell. In case of undamaged structure (Figure 16a ) the whole section is subject to compressive stresses, while in case of presence of cracks (Figure 16b) over the "eyes" of the tambour a zero-tensile area develops as consequence of the deformative behavior shown in Figure 14b .
It is worth mentioning that the results of the numerical modeling confirm the hypothesis made by Professor Chiarugi (1937 -2010 concerning the origin of the cracks, thus reconducing the internal cracking phenomena to the specific geometric configuration and to the structure self-weight.
The identified FE model was used to compare the numerical stresses with the results of the experimental in situ investigation when, with the technique of the single flat-jacks, approximately 30 positions were tested. In general, except for some localized areas where the local composition of the masonry texture could introduce unhomogeneity, a good agreement between the numerical and the experimental results is observed (Table 2) .
Assessment of the effectiveness of the wood tie rings
The model was also used to evaluate the effectiveness of the oak chains that run around the tambour (6 m above the base of the Dome). The oak chains were modeled by one-dimensional (1D) beam elements and globally 24 beam elements were inserted (Figure 17) . Figure 18 reports a detail of the connection, compared with its present layout. admissible for the oak (that, in absence of experimental results, can be estimated approximately 60 MPa). The cracks amplitude on the web is almost insensitive to the presence of these wooden chains and differences are reported in Table 3 . 
DYNAMIC IDENTIFICATION
In 1987, dynamic in situ tests were performed to estimate the modal shapes and frequencies of the whole structure by ISMES (1987) . During this experimental campaign, a total number of 7 seismometers were positioned in the webs #5 and #7 at several levels, and the horizontal velocity under environmental loads (wind loads) were recorded. The investigation allowed the estimation of the first two main frequencies of the monument that are summarized in Table 4 . These results were used to identify the numerical model and to assess the effects of the cracking pattern.
It is noteworthy to remember that due to great number of unknowns that, despite the extensive experimental investigations, still affect both the material parameters and their spatial distribution, the assessment procedure herein followed was mainly devoted to match the ratio between the first two modal frequencies rather than their exact value. After calibrating the numerical model to get the ratio between the experimental frequencies, their values were assessed simply correcting the elastic material modulus in dynamic field as follows:
The first two modal shapes found with the undamaged model are reported in Figure 21 . The first modal shape is a transversal modal shape (North-South direction, orthogonal to the main nave direction); the second one is a longitudinal modal shape (East-West direction, parallel to the main nave direction). The ratio between the two main frequencies value is quite similar to that one found between the corresponding experimental frequencies (0.919 against 0.944, Table 4 ). The modal shapes obtained taking into account the damage (i.e. main cracks modeled) are reported in Figures 22, 23 , and 24. It is interesting to observe that in this case the ratio between the first two modal shapes fit very well the experimental results (0.942 against the experimental value of 0.944) confirming that the effects of the cracking is also fundamental from a dynamical point of view.
SEISMIC VULNERABILITY
After the calibration process to get the experimental evidence both in static and dynamic field, the identified numerical model was used to move the first step toward the estimation of the Dome's seismic behavior. Aiming at an estimation of the seismic behavior, very simple pushover analyses were intentionally employed adopting load as specified in the Italian Recommendation. In particular, based on the pushover analysis method, the effects of the seismic loads were evaluated through the application of two systems of orthogonal forces lying in the horizontal plane. These forces, which are not acting simultaneously, were determined taking into account two different load distributions: i) a first one was directly proportional to the masses (uniform); ii) a second one was assumed to be proportional to the product of the masses times the displacements of the corresponding Dome modal shape (modal). These load configurations could be considered as two limit configurations for the Dome capacity.
The procedure starts from the identified static damage configuration, where the cracks are due to the self-weight only (as reported in Section 4.2). Subsequently, as the external horizontal pushover load increases, new unilateral contact elements were inserted updating the FE model correspondingly: at each load step the circumferential stresses were checked and in those areas where the tensile stresses were not admissible for masonry (that is, tensile stresses arise over 0.2 N/mm 2 ) connections between adjacent nodes were released and substituted with the unilateral contact interfaces. It is noteworthy to observe that by means of this iterative procedure the development of the cracked area follows the load application, i.e., the area where the cracking appears is not imposed a priori: at the beginning, in the first step of the procedure, only dead loads were applied and each solid element is connected to the neighboring ones directly by nodes. By applying the external horizontal load the connections among elements were iteratively modified by following the internal stress evolution according to the tensile resistance of the material.
For the sake of brevity only the results obtained with the analysis in the North-South (Y direction, Figure 25 ) for the uniform loading will be reported next: due to the radial symmetry, the behavior in East-West direction is quite similar (although not identical, due to the presence of the main nave). The load is a horizontal distribution of forces acting in the +Y direction whose intensity is directly proportional to the mass of the structure.
A general sketch of the seismic behavior is shown in Figure 25 . As the load is acting in the +Y direction, it is possible to observe that an increase in the crack opening arises in webs #6 & #8, with a corresponding crack closure in webs #2 & #4. The cracks in the webs in the direction of seismic forces show a trend to close, while the cracks in the opposite webs tend to widen themselves. The crack opening on the webs over the seismic load originates a crack Type A propagation over the top level of the Dome (the oculus).
As the load increases, at approximately the 5% of the applied seismic load, the first phenomenon observed is a concentration of tensile stresses on the top level of the cracks (both type A and C, Figure 26) . At approximately 15% of the applied seismic load, tensile stresses arise on the major arches beneath the tambour. It is possible to recognize the typical mechanism affecting the triumphal arches, with tensile stresses in the intrados. This stress state justifies the arising of new sub-vertical fissures. By proceeding with the adaptive upgrading of the internal static conditions, new unilateral contact elements were added in this area. Next the load steps (approximately the 20% of the applied seismic load) show the development of a shear-type behavior on the webs parallel to the load direction. From a qualitative point of view it is possible to observe that both the principal tensile stresses and the principal compressive stresses are positioned at 45
• with respect to the horizontal directions (Figure 27a) . The model was then accordingly updated through the insertion of new unilateral contact elements (Figure 27b) .
The last step of the iterative procedure concerns the webs positioned in the direction orthogonal to the seismic loads. The effect of the increasing horizontal load is to enhance the flexural behavior that the arches already show under dead load (due to the widening of cracks of Type A). Figure 28 shows the internal stress (at approximately the 25% of the applied load) that arises in these webs. To take into it account and introduce an internal stress state which is statically admissible for masonry new contact elements were introduced in the corresponding area, as reported in Figure 29 . Figure 30 compares the meridian stresses before and after the setting up of these elements. Finally, Figure 31 shows the progressive introduction of unilateral elements that reflect the potential development of damage in the Dome's webs.
As a general result of the analysis it is possible to obtain the main features of the behavior of the Dome under seismic loads, and the cracking evolution can be summarized as follows (where a g denotes the applied intensity of the ground acceleration and g is the acceleration of gravity):
• Propagation of the existing cracks Type A and C over the oculus of the Dome (a g /g = 0.05) as shown in Figure 32a ; • Formation of new cracks on the arches below the tambour (a g /g = 0.07); • Formation of new shear-type cracks on the webs whose plane is perpendicular to the seismic load direction (a g /g = 0.09) as shown in Figure 32b ;
• Formation of new horizontal cracks on the webs whose plane is parallel to the seismic load direction (a g /g = 0.12) as shown in Figure 32c ; and • Propagation of the horizontal cracks on the extrados of the webs (a g /g = 0.15) as shown in Figure 32d .
The overall behavior is sketched in Figure 33 and it is also, from a qualitative point of view, in good agreement with the results (in term of collapse mechanism) obtained by other authors in similar structures (Direttiva del Presidente del Consiglio dei Ministri [DPCM] 2007; . After a g /g = 0.15 the development of a collapse mechanism is observed: it is connected with the sliding of the upper ashlars of the webs (together with the corresponding webs overturning). Figure 34 and Figure 35 illustrate the numerical collapse configuration of the Dome. They also suggest a collapse mechanism to be investigated by a kinematic approach. Therefore the next steps of the research will aim at verifying and investigating the identified collapse mechanism, and at evaluating the effectiveness of a potential intervention focused at increasing the global capacity of the monument.
CONCLUDING REMARKS
The paper presented the most recent results of a research aimed at both analyzing the static behavior and assessing the seismic vulnerability of the Brunelleschi's Dome of Santa Maria del Fiore in Florence. Firstly, the architectural characteristics of the monument together with its cracking pattern were recalled. Then the numerical analyses developed to obtain the static and dynamic assessment of the monument were illustrated. The FE technique was adopted, and the nonlinear analyses allowed to reproduce the static and dynamic behavior of the structure. The analyses allow identification the most significant aspects on the structural behavior suggesting a reliable and likely time evolution of the main cracks (Type A and Type C). Eventually, a first assessment of the seismic vulnerability of the monument was proposed by estimating a global collapse mechanism.
Results of the analyses offered a first identification of the seismic behavior of the Brunelleschi's Dome; a more exhaustive interpretation of the overall structural response under seismic loads would require an interaction between several modeling strategies (including limit analysis, for example). The seismic excitation was simulated by a system of quasi-static forces applied in successive steps; a much needed real dynamic analysis, with seismic ground-motion inputs reflecting the seismogenic characteristics of the Florentine area and incorporating a realistic rheologic model of the dynamic properties of the Dome masonry, is still a long way off.
The study therefore represents but a first step in the evaluation of the monument's behavior under seismic-like forces assessing possible ultimate collapse mechanisms. Moreover the analysis of the latest data of the monitoring system will offer valuable information for both additional updating and validation of the finite element model, as well as for the seismic assessment of the monument. As a matter of fact, combination of results of numerical nonlinear models and simplified modeling strategies with the data obtained from long-term monitoring will make possible to formulate proper strategies for the structural preservation of the monument. 
